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In a recent paper [3], Ching and Chui have shown that under certain con- 
ditions an entire harmonic function can be reconstructed from its values on 
certain lattice points, thus giving a partial answer to a question of Boas [l]. In 
this note, we show that the methods of [3] can be extended to obtain the 
following theorem: 
THEOREM. Let U(Z) be a real-valued entire harmonic function of exponential 
type 7, r < rr, such that for k = 0, 1 
and 
(ii) u(x+ki)=o(l) as [x[+co. 
Then 
u(z) = u(x + iy) = EW $$ s_” sinhs:!h, ‘) eitbn) dt 
n 
w sinh tr +f~J-,~e il(z-fl) & 
--m 
(1) 
+ clens sin 7i-y + c2e-nx sin 7ry, 
where the series converge uniformly on compacta. Furthermore, if r < ?T then 
cl = c2 = 0, otherwise, 
c = lim e-“Zu(x +-Y> 
1 sin 77~ 
and c 
2 
= ,im e+u(---x + iy) 
X--m E-K0 sinn-y ’ 
foranyy,O<y<l. 
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If (i) holds, we have u(n + ki) = o(1) and if u(x + ki) has a representation 
as a finite Fourier-Stieltjes transform, Theorem 10.11 of [5, Vol. II, p. 1451 
provides the following: 
COROLLARY 1. If u is a real-valued entire harmonic function of exponential 
type T, r < T such that 
and 
(iii) u(x + Ki) = Sm ei2t d&(t), 
-77 
flk E BV[--7r, n], 
for k = 0, 1, then (1) holds. 
Less obvious is the following: 
COROLLARY 2. If u is a real-valued entire harmonic function of exponential 
type T, T < T such that 
(iv) j;o 1 u(x + ki)la dx < co (k = 0, 1) 
-co 
for some p, 0 < p ( 00, then (1) holds. 
Taking p = 2 in Corollary 2 we obtain the Theorem of Ching and Chui [3] 
referred to above, and since any function satisfying the hypothesis of the 
corollary for a given p also satisfies it for all larger values of p, (see [2, Theo- 
rem 6.7.18, p. 1021) the significance of Corollary 2 rests in its validity for 
values of p larger than 2. 
The example u(z) = Re(sin TKZ) = sin TX cash ny shows that condition (ii) 
of the Theorem can not in general be replaced by u(x + ki) = O(l), 
(k = 0, 1). l 
The proof of the theorem requires the following: 
LEMMA. Letz=x+iyandifItI <TZet 
k(t) = k(z; t) = s eitx. 
Then 1 k(z; t)l = O[emlvl], 1 k’(z; t)l = O[(l x ( + / y I) e+l] where ’ denotes 
the derivative with respect to t, and the Fourier coeficients &(z; n) of k(z; t) 
satisfy 
I 4~; @I = O[l 12 1-l (1 + I x I + I y I) e~~wT (2) 
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Proof of the Lemma. The assertion about k is clear. To prove the assertion 
about k’ we write k(z; t) = g(y; t) eitn so that 
I k’h 41 G I g’h t>l + I x I I k(z; t>l 
and it suffices to show that I g’(y; t)l = O[l y I enlg1]. Now 
g’(t) = (sinh-2 t) (y cash yt sinh t - sinh yt cash t) (3) 
and replacing the terms in parenthesis by their Taylor expansions for 
1 t 1 < ~rr/4 we get 
, g’(t), < ,i$e’ t t2(n+%) I Yzn - Y2” I c 
n,m=O (W (pm + I)! 
< lytl 
‘sinh2 Am=o I> 
c P-MI t I , I Yt 1)12(~+~) _ 1 
(2n)! (2m + I)! 1 
< & {cosh2[max( I 
= O[l y j e”lYI] 
while for 7r/4 < I t 1 < r we get I g’(t)1 = O[l y 1 e”l$j directly from (3) 
which proves the assertion concerning g’ and hence also that for k’. Finally, 
(2) follows by integrating 
k(? n) = & s: k(x; t) e-it” dt, 
n 
by parts and applying the estimates for k and k’ which we have just obtained. 
Proof of the Theorem. By the lemma and (i), the series in (1) converge 
uniformly on compact sets to a real-valued entire harmonic function w(z) 
satisfying 
I 441 = O[U + I 32 I + I Y I> e=Q (4) 
We shall show that w(x + ki) = u(x + ki), k = 0, 1, for then (1) follows by 
essentially the same argument as that given in paragraph 2 of [3, p. 3511. 
Let f be an entire analytic function with Ref = u and put 
Then F is an entire analytic function of exponential type \(‘rr with 
2u(x) = F(x). Now according to a result of J. M. Whittaker [4, Theorem 16, 
P* 681 
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where 
s(z) = j- eiztdj(t), j3 E C[-n, 771. 
-77 
Since, by (ii), s(n) = u(n) = o(l), Th eorem 10.11 of [5, Vol. II, p. 1451 shows 
that 
2s(x) - F(x) = o(1) 
and therefore according to [2, Corollary 9.4.2, p. 1561 we have F(z) = 2s(z), 
in particular, w(x) = U(X). Similarly, it follows that w(x + i) = u(x + i). 
Proof of Corollary 2. As remarked earlier, we may assume p > 1. Now, 
if F is defined as in the proof of the Theorem, then 
f IF(n < 00, 
-02 
by Theorem 6.7.15 of [2, p. 1011 and therefore HBlder’s inequality shows that 
Similarly Cr_“, [[u(n + ;)]/n 1 < GO, so (i) holds. Finally, by Theorem 6.7.1 
of [2, p. 981, U(X) = $F(x) = o(l), similarly u(x + i) = o(l), so (ii) holds and 
the corollary follows. 
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